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Abstract The wave function of a system governed by the time-dependent nonlinear Jaynes-
Cummings (JC) model is obtained. We compute analytically the eigenvalues of the reduced
field density operator by which the dynamics of the entropy of entanglement of the cavity
field are analyzed. The influences of the atomic motion, the field-mode structure and the
Kerr-like medium on this phenomenon are illustrated. The population dynamics of an ex-
cited atom is also discussed for the same set of parameters. The cavity field is assumed to
be initially excited in either a Fock or a coherent states. The cavity excitation in a Fock state
generates a class of an entanglement without death with fixed amplitude by adjusting the pa-
rameters of the atomic motion as well as the Kerr and the field-mode structure. In case of a
coherent cavity, the only phenomenon to be noted is the periodical behavior of the dynamics
under study when the atomic motion is considered. Although the Kerr medium affects the
strength of the entanglement negatively, the entropy of entanglement loses its zeros where
the Kerr is taken into consideration.

Keywords Entropy · Atomic motion · Field-mode structure · Nonlinear medium ·
Coherent field

1 Introduction

Laser cooling and atomic trapping technologies make it necessary to consider the atomic
motion in preparing the cool or super cool atoms. Recently, the atomic space motion has
been taken into consideration in order to achieve cooled atoms and the super-cooled atoms
with the technology of laser cooling and trapped atoms technology [1]. The researches
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showed that the atomic motion can bring about the nonlinear effect of atomic popula-
tion [2–4] and enhance the fidelity of quantum state [5]. Furthermore, it has become an
active research subject to prepare squeezed light using the interaction between the pho-
ton field and atom [6] which has potential application in detecting weak signals and light
communications. Recently, the effect of the atomic motion and field-mode structure on en-
tanglement attracted much attention [7–9]. Entanglement is one of the most intriguing fea-
tures of Quantum Mechanics (QM) and in the early times of QM it was recognized by
Erwin Schrödinger [10] and by Einstein, Podolsky and Rosen [11]. These purely quantum
correlations play a fundamental role in modern physics and in recent years the interest in
entanglement has increased considerably. First because it is a fundamental tool in Quan-
tum Information Theory and a consistent characterization of its theoretical properties is
needed. Second because the present stage of technology permits us to perform some exper-
imental manipulations with it in quantum information processing and communication [12],
such as Quantum Teleportation [13, 14], Quantum Cryptography [15, 16], Quantum Dense
Coding [17], and Quantum Computation [18, 19]. Therefore, it is of great importance to
quantify entanglement to assess the efficacy the quantum information processing. One of
the key problems in entanglement study is the generation and manipulation of quantum
entangled states. At present, entanglement of two-level systems has been used to repre-
sent information in most quantum information processing. A great effort has been devoted
in quantifying entanglement involving various methods and interesting concepts [20–37].
However, the degree of quantum entanglement depends crucially on the physical nature of
the interacting objects and the character of their mutual coupling. It has been noticed that
all these study results have been obtained for the case where either the nonlinear medium
or the atomic motion is ignored. The Kerr medium can be modelled as an anharmonic os-
cillator with frequency Ω . Physically this model may be realized as if the cavity contains
two different species of atoms, one of which behaves like a two-level atom and the other
behaves like an anharmonic oscillator in the single-mode field of frequency Ω [38]. The
cavity mode is coupled to the Kerr medium as well as to the two-level atoms. The Kerr-like
medium can be useful in many aspects, such as detection of nonclassical states [39], quan-
tum nondemolition measurement [40], investigation of quantum fluctuations [41], genera-
tion of entangled macroscopic quantum states [42, 43], and quantum information process-
ing [44, 45].

In this paper we present a treatment into another direction. We examine the effects of
the atomic motion and the field-mode structure on the atom-field entanglement when the
cavity field assumed to be filled with a nonlinear Kerr-like medium contained inside a very
good quality cavity via one-quantum transition process. The analytical solution for the prob-
lem under consideration, namely, the eigenvalues and eigenfunctions for the time-dependent
nonlinear (JC) model are obtained. By using the solutions obtained, we investigate the prop-
erties of the field entropy and atom-field entanglement. In Sect. 2 we present the generalized
model and derive the time-dependent wave function of the total system when the field eigen-
frequency is assumed to be on- and off-resonance with the atomic transition. Depending on
this wave function, the reduced field density operator is also derived. The eigenvalues of the
reduced field density operator and the final form of the entropy of field entanglement are
computed and showed in Sect. 3. Section 4 includes the final expression of the atomic popu-
lation which we are going to use in the present work. The numerical calculations supported
by the discussion of the numerical results are presented in Sect. 5. Our concluding remarks
are showed in Sect. 6.
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2 Model

We start from the extended (JC) Hamiltonian

Ĥ(z) = Ωa†a + ω

2
σ + χa†a(a†a − 1) + 2

√
χa†a + λf (z)(a†σ01 + aσ10), (1)

and the wave function of the full system in the form

|ψ(t)〉 =
∑

k=0

Ck[ak(t)|1, k〉 + bk+1(t)|0, k + 1〉]. (2)

The Hamiltonian (1) can be written in the form

Ĥ = Ĥ0 + ĤINT , (3)

with Ĥ0 being the unperturbated Hamiltonian

Ĥ0 = Ĥatom + Ĥfield = Ω

(
a†a + σ

2

)
, (4)

and ĤINT being the atom-field interaction Hamiltonian

ĤINT(t) = Δ

2
σ + χa†a(a†a − 1) + 2

√
χa†a + λf (vt)(a|e〉〈g| + |g〉〈e|a†), (5)

Δ = ω − Ω. (6)

The states |1〉 and |0〉 denote the upper and lower atomic states. We denote by |jk〉 ≡ |j〉A ⊗
|k〉F the eigenstates of Ĥ0 showing that the atom (A) is in the unperturbated quantum state
j and the field carries k photon (i ∈ {0,1}, k = 0,1,2,3, . . .). The well known raising,
lowering and population operators are respectively, σ10 = |1〉〈0|, σ01 = σ

†
10 and σ = |1〉〈1|−

|0〉〈0|. The operators a and a† denote respectively the well-known annihilation and creation
operators of the field-mode of frequency Ω . We denote by χ the dispersive part of the third
order nonlinearity of Kerr-like medium [46–48]. The coupling constant λ is essentially the
product of the atomic transition matrix element and the electric field “per photon” and f (z)

is the shape function of the cavity field mode.
We restrict our self for the atomic motion along the z axis, so that only z-dependence of

the field mode function was taken into account. The function f (z) is given by [4, 8, 9, 49,
50, 56]

f (z) → f (vt) = sin(pπvt/L), (7)

however, we may describe it in the present work by

f (z) → f (vt) = cos(pπvt/L), (8)

where v is the atomic motion velocity and p is a positive integer representing the number of
half wavelengths of the field mode inside a cavity of length L.

The dynamics of the system are determined for each value of n by two coupled nonlinear
differential equations for the complex amplitudes ak(t) and bk+1(t). Alternatively, at any
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time t > 0 the joint state vector of the field and the first atom can be obtained from the
time-dependent analytical solution of the Schrödinger equation

i
d

dt
|ψAF (t)〉 = HINT |ψAF (t)〉. (9)

Let the atom undergoing one-photon transition being in its upper state |e〉 going through a
cavity in a superposition of the number state

|ψF (0)〉 =
∑

k=0

Ck|k〉, (10)

then the initial state vector of atom-field system is given by

|ψAF (0)〉 = |ψA(0)〉 ⊗ |ψf (0)〉 =
∑

k=0

Ck|k,1〉. (11)

The atom leaves the cavity again after passing p half-wavelengths of the electric field, the
wave vector of the full system at any time t > 0 is given by (2). Applying the Schrödinger
(9), we obtain the couple nonlinear ordinary differential equations

dak(t)

dt
= −iγ1(k)ak(t) − ig(k + 1, t)bk+1, (12)

dbk+1(t)

dt
= −iγ2(k + 1)bk+1(t) − ig(k + 1, t)ak, (13)

with

γ1(k) = Δ

2
+ χk(k − 1) + 2

√
χk, (14)

γ2(k + 1) = −Δ

2
+ χk(k + 1) + 2

√
χ(k + 1) (15)

and

g(k + 1, t) = λ
√

k + 1f (vt). (16)

When we let p → 0 in the above formulae we obtain the case of rest atom.
For arbitrary g(t) the coupled differential equation have in general no exact solution, but

under some certain conditions the solution can be found.

2.1 Linear On-resonance Solution

Assuming that the Kerr medium is absent, namely, χ = 0 and the cavity eigenfrequency is
on resonance with the atomic transition, i.e., Δ = 0, in this case we have γ1 = γ2 = 0. As a
result, the couple nonlinear equations (12) and (13) reduces to a couple of linear ordinary
differential equations which can be easily solved. The solution of these modified set of
equations resulted in the complex amplitudes ak(t) and bk+1(t) as

ak(t) = cos(λ
√

k + 1Θ(t)), (17)

bk+1(t) = −i sin(λ
√

k + 1Θ(t)), (18)
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where, for a particular experimentally-possible choice of the atomic motion v = λL/π

[2, 4, 50], the function θ(t) is given by

Θ(t) =
∫ t

0
f (vt ′)dt ′ = 1

pλ
sin(pλt). (19)

2.2 Nonlinear Off-resonance Solution

In this case, the field eigenfrequency is assumed to be far-off-resonance from the atomic
transition, and the cavity field assumed to be filled with the nonlinear Kerr-like medium.
The problem at this stage is to solve the couple nonlinear differential equations (12) and
(13) in terms of the conditions indicated above.

To do this, it is convenient to define the operators

ak(t) = Vk(t) exp

[
i

(
x(k + 1, t)

2
− γ1(k)t

)]
, (20)

bk+1(t) = Wk+1(t) exp

[
−i

(
x(k + 1, t)

2
+ γ2(k + 1)t

)]
, (21)

where

x(k + 1, t) = −[γ2(k + 1) − γ1(k)]t. (22)

Substitution of these operators into (12) and (13) gives the couple first-order nonlinear dif-
ferential equations

dVk(t)

dt
= −i

ẋ(k + 1, t)

2
Vk(t) − ig(k + 1, t)Wk+1(t), (23)

dWk+1(t)

dt
= i

ẋ(k + 1, t)

2
Wk+1(t) − ig(k + 1, t)Vk(t), (24)

where, ẋ = dx
dt

.
Employing the transformation

[V ] = [X] · [V ], (25)

where,

[V ] =
[

V (t)

W(t)

]
, (26)

[X] =
⎡

⎣
cos[
(k + 1, t)] sin[
(k + 1, t)]

− sin[
(k + 1, t)] cos[
(k + 1, t)]

⎤

⎦ , (27)

and,

[V1] =
[

V1(t)

W1(t)

]
, (28)
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and after minor algebra, we obtain the couple second-order homogeneous differential equa-
tions with time-dependent coefficients

d2V1(t)

dt2
− Ω1(k + 1, t)

dV1(t)

dt
+ Λ(k + 1, t)V1(t) = 0, (29)

d2W1(t)

dt2
− Ω2(k + 1, t)

dV1(t)

dt
+ Λ(k + 1, t)W1(t) = 0, (30)

where

Ω1(t) = 
̈(t) + iε̇(t)


̇(t) + iε(t)
, (31)

Ω2(t) = 
̈(t) − iε̇(t)


̇(t) − iε(t)
, (32)

Λ(t) = (
̇(t))2 + ε2(t), (33)

with

tan[2
(k + 1, t)] = ẋ(k + 1, t)

2g(k + 1, t)
, (34)

ε(k + 1, t) = g(k + 1, t) sec[2
(k + 1, t)], (35)

where ϑ̇ = dϑ
dt

and ϑ̈ = d2ϑ

dt2 ; ϑ = 
 or ε.
To solve the couple second-order homogeneous differential equations with time-

dependent coefficients (29) and (30), let us introduce the integrability condition

ẋ(k + 1, t)

2g(k + 1, t)
= 2αY (k + 1, t) + β√

1 − (2αY (k + 1, t) + β)2
, (36)

where α and β are arbitrary constants and

Y (k + 1, t) =
∫

g(k + 1, t ′)dt ′. (37)

Employing the integrability condition (36), we can express the general solution of couple
first-order differential equations (23) and (24) in the following form

Vk(t) = cos[Z(k + 1, t)] cos[μ(k + 1, t)]
− i

2

[γ1(k) − γ2(k + 1)] sin[Z(k + 1, t)] cos[μ(k + 1, t)]
Ż(k + 1,0)

− i
λ
√

k + 1 sin[Z(k + 1, t)] sin[μ(k + 1, t)]
Ż(k + 1,0)

+ 
̇(k + 1,0) sin[Z(k + 1, t)] sin[μ(k + 1, t)]
Ż(k + 1,0)

, (38)

Wk+1(t) = − cos[Z(k + 1, t)] sin[μ(k + 1, t)]

+ i

2

[γ1(k) − γ2(k + 1)] sin[Z(k + 1, t)] sin[μ(k + 1, t)]
Ż(k + 1,0)
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− i
λ
√

k + 1 sin[Z(k + 1, t)] cos[μ(k + 1, t)]
Ż(k + 1,0)

+ 
̇(k + 1,0) sin[Z(k + 1, t)] cos[μ(k + 1, t)]
Ż(k + 1,0)

, (39)

with

Z(k + 1, t) =
√

α2 + 1
∫ t

0
ε(k + 1, t ′)dt ′, (40)

μ(k + 1, t) = 
(k + 1, t) − 
(k + 1,0), (41)

recalling the operators (20) and (21) with the (38)–(41), we obtain the complex amplitudes
ak(t) and bk+1(t).

However, the wave function of the full system is obtained, any property related to the
atom or the field can be calculated. The reduced density operators can be written as

ρA(F) = TrF(A) |ψ(t)〉〈ψ(t)|, (42)

and we have used the subscript A(F) to denote the atom (field). By using equation (2) the
reduced field density operator takes the form

ρF (t) =
∑

k,l

CkC
∗
l (ρkl|k〉〈l| + ρk+1l+1|k + 1〉〈l + 1|) = |R1〉〈R1| + |R2〉〈R2|, (43)

where,

|R1〉 =
∑

k=0

Ckρk(t)|k〉, (44)

|R2〉 =
∑

k=0

Ckρk+1(t)|k + 1〉, (45)

with,

ρkl(t) = ρk(t)ρ
∗
l (t) = ak(t)a

∗
l (t), (46)

ρk+1l+1(t) = ρk+1(t)ρ
∗
l+1(t) = bk+1(t)b

∗
l+1(t). (47)

3 Quantum Entropy

The dynamics described by the Hamiltonian (1) leads to an entanglement between the field
and the atom. In order to calculate the entropy SF (t), we must obtain the eigenvalues of the
reduced field density operator. Employing the reduced density operator for the field given
by (43), we investigate the properties of the entropy SF and entanglement in the framework
of time-dependent nonlinear (JC) model. Quantum mechanically, the entropy is defined as

S = −K Trρ lnρ, (48)

where ρ is the density operator for a given quantum system and K represents Boltzmann’s
constant. If ρ describes a pure state, then S = 0 and if ρ describes a mixed state, then S �= 0.
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The entropies of the atom and the field, when treated as a separate system, are defined
through the corresponding reduced density operator by

SA(F) = −TrA(F)[ρA(F) lnρA(F)]. (49)

In order to derive a calculation formalism of the field entropy, we must obtain the eigenvalues
of the reduced field density operator given by (43). According to the general method of
Pheonix and Knight [51–53], the eigenvalues of the reduced field density operator (43),
reads

Π+ = 1

2
(1 +

√
(〈R1|R1〉 − 〈R2|R2〉)2 + 4|〈R1|R2〉|2), (50)

Π− = 1

2
(1 −

√
(〈R1|R1〉 − 〈R2|R2〉)2 + 4|〈R1|R2〉|2). (51)

In terms of the eigenvalues (50) and (51), the field entropy expressed as

SF (t) = −Π+ lnΠ+ − Π− lnΠ−. (52)

4 Population

Atomic population inversion is an important atomic observable in the two-level system
which is defined as the difference between the probabilities of finding the atom in the excited
state and in the ground state. The atomic inversion P (t) of the model under consideration is
given by the expression

P (t) = 〈R1|R1〉 − 〈R2|R2〉
=

∑

k

|Ck|2(ρkk − ρk+1k+1) =
∑

k

|Ck|2(|ak(t)|2 − |bk+1(t)|2). (53)

5 Results of Calculations

On the basis of the analytical solutions presented in the previous sections, we shall examine
the dynamics of both the field entropy SF (t) and the atomic population P (t). For all our plots
the detuning parameter are adjusted such that Δ = 0, i.e., the cavity eigenfrequency is on
resonance with the atomic transition frequency. To get clearer insight about the situation, we
consider the cavity field is excited initially in two different states, namely, a Fock state and
a coherent state where a comparison between the results of the two states will be analyzed.

5.1 The Cavity Is Excited in the Fock State

For Fock state field, the amplitudes Ck in (10) obey the delta function relation

Ck = δkl, (54)

where l is the photon number of Fock state.
By setting Ck = δkl in (11), we obtain the state vector of the full system in a Fock state.

In order to appreciate some different situations, we show in what follows some plots of field
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Fig. 1 The evolution of field entropy SF (t) and the population P(t) as functions of the scaled time λt/π and
the field-mode structure p for vacuum cavity field |0〉 where (a) the population P(t) (b) the field entropy SF

Fig. 2 The same as Fig. 1, but when the cavity is excited with two field quanta 〈2〉

entropy SF (t) and the corresponding population P (t) for different values of the involved
parameters. Using the Fock state as an initial state of the field, the dependence of SF on the
scaled time λt/π and the field mode structure parameter p is shown in Figs. 1 and 2 for
the Fock states |0〉 and |1〉, respectively. The general behavior of both SF and P due to the
field-Fock-state contains no surprise; the value of the entropy SF at first is zero, which is
quite remarkable, while the value of P is 1, regardless of the value of the parameter p (see
Fig. 1). This is due to at λt = 0, the field and the excited atom P (t = 0) = 1 are separable,
namely, in pure state SF (t = 0) = 0. The case of the effective vacuum n = 0 and for rest
atoms p = 0 is quite interesting. In this case SF as well as P oscillate periodically between
zero and their maxima. The periods lay at λt = nπ/2 and λt = nπ , n = 0,1,2,3, . . . for SF

and P , respectively. We notice clearly that the periods of P are twice that of the entropy SF .
This periodical evolution is preserved as long as time goes on. As the parameter p going to
increase slightly, specially for small values such as p < 1, the entropy of the field SF as well
as the population P lose some of their zeros except for some instants at which SF and P

reach their minima. This means that in the interval 0 < p < 1 the atom and the field become
strong entangled for long periods of time. It is worth to mention that the periods of oscillation
of P are also twice that of SF as long as p < 1. As the parameter p is considerably increased
such as p > 1, the entropy SF goes to zeros lately with periods equal to that of P till p = 2,
at which both SF and P have exactly the same periods. In this case the field entropy SF

oscillates between zeros and its maximum value 1/2, while P oscillates between the values
P = 1/2 and P = 1.0 as we can notice clearly from Fig. 1a. It is clear that the field and the
atom are in maximum entangled state at the instants when the atom is in its superposition
state |ψ(t)〉 = 1√

2
(|1〉 + |0〉).
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Fig. 3 The evolution of field entropy SF (t) and the population P(t) as functions of the scaled time λt/π

and the Kerr medium parameter χ/λ when the cavity is excited with two field quanta 〈2〉 and the field-mode
structure parameter p = π/8 where (a) the population P(t) (b) the field entropy SF

Fig. 4 The same as Fig. 3, but for p = 1

The shape of the functions SF (t) and P (t) look like sand dunes. As the number of ex-
citation increases n = 2, the number of oscillation increases (see Fig. 2), while the general
behavior of both SF and P is preserved.

To discuss the effect of the Kerr-like medium in the presence of the atomic motion, we
have plotted several figures for the functions SF and P against the scaled time λt/π and
the Kerr parameter χ/λ for different values of the mode-field structure parameter p. In our
computational program we adjusted the field-mode structure p = π/8,1 and 2 in Figs. 3, 4
and 5, respectively. Generally at χ/λ = 0, the previous behavior is preserved where SF as
well as P oscillate between zero and their maxima but with longer periods of time start
shorter at λt < 0.6π . It is clearly remarkable that for all values of λt the entropy is only zero
for rest atoms, while long-lived correlated states—with approximately fixed amplitude—
between the atom and the field are observed as p goes on increasing for all time stages.
Furthermore, for high values of p, the degree of entanglement does not depend crucially on
the population behavior as previous case where the Kerr medium is neglected (see Figs. 3, 4
and 5), specially when χ/λ = 2. When the Kerr is ignored and p = 1, we notice clearly
more periods appear in the same interval of time. Additionally, closed periods appear more
clearly than previous with periods lay at λt = nπ , n = 0,1,2,3, . . . for both SF and P .
On the increasing of χ/λ the long-lived entanglement between the field and the atom is
observed with slight oscillated behavior in half of the revival time. Additionally, we notice
more closer periodical oscillations between zero and the maximum values in the behavior
of both SF and P in all time stages when the Kerr medium is absent. Again for all values of
λt/π , the entropy is only zero for rest atoms, while long-lived entangled states are observed
with approximately fixed amplitude when p reaches the value 2.
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Fig. 5 The same as Fig. 3, but for p = 2

Fig. 6 The evolution of field entropy SF (t) and the population P(t) as a functions of the field-mode structure
p and the Kerr medium parameter χ/λ when the cavity is excited with two field quanta 〈2〉 and the scaled
time λt = π where (a) the population P(t) (b) the field entropy SF

Fig. 7 The same as Fig. 6, but for λt = 2π

To get clearer insight about the results, we have plotted the field entropy SF as well as the
population P as functions of the field-mode structure parameter p and the Kerr parameter
χ/λ for different values of the scaled time λt/π . This is illustrated in Figs. 6 and 7 where
λt = π and λt = 2π . For small values of p, we notice that the oscillations of both the
entropy SF and the population P are between zero and their maxima when the Kerr medium
is absent. As the parameter χ/λ going to increase, we notice clearly the long-lived entangled
states of the field and the atom which does not depend at all on the population value (see
Fig. 6). This behavior was noticed before (see Fig. 3). At the next time stage when λt = 2π ,
the closer oscillations between zero and the maximum values appear in the interval p ∈
[0,0.6[ regardless of the value of χ/λ, while in the interval p ∈]0.6,2] the long-lived atom-
field entanglement is observed again for strong Kerr medium where χ/λ = 2 (see Fig. 7).
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5.2 The Cavity Is Excited in the Coherent State

We devote this subsection to numerically calculate the atom-field entanglement measured
via the entropy SF (t) as well as the corresponding population P (t) when the initial setting
of the field is coherent. For coherent field Ck in (10) represents the number-state expansion
coefficients Ck = 〈n|ψF (0)〉, so for coherent state

Ck = exp(−|α|2/2)αn/
√

n!; α = |α|eiξ , (55)

where |α|2 = 〈n〉 = n̄ is the mean photon number in the initial state. The photon distribution
for coherent state given by

p(n) = exp(−|α|2) (|α|2)n

n! , (56)

which is always peak at npeak = |α|2 = 〈n〉 = n̄.
For the case under consideration, the field entropy SF as well as P as a functions of λt

were plotted versus the scaled time λt/π in Figs. 8–11 according to the complex ampli-
tudes (17)–(22) for atomic motion v = λL/π . For all our plots the initial condition has been
chosen with real α such that the mean photon number n̄ = 10. To visualize the effect of
the atomic motion and the field-mode structure parameter p on the entanglement dynam-
ics, we have Fig. 8 contains temporal evolution of both SF and P for different values of

Fig. 8 The time evolution of field entropy SF (t) + 1 (solid line) and the population P(t) (dashed line) as
functions of the scaled time λt where the field is excited initially in the coherent state with mean photon
number n̄ = 10, where (a) p = 0, (b) p = π/8, (c) p = 1 and (d) p = 2
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Fig. 9 The time evolution of field entropy SF (t) + 1 (solid line) and the population P(t) (dashed line)
as functions of the scaled time λt where the field is excited initially in the coherent state with mean photon
number n̄ = 10 and the field-mode structure p = π/8 where (a) χ/λ = 0.05, (b) χ/λ = 0.5 and (c) χ/λ = 1.0

the parameter p where the nonlinear Kerr-like medium is neglected. For rest atoms, one
purely notice the well known temporal evolution of both SF and P [4, 51], where the first
maximum of the field entropy at λt > 0 is achieved at the collapse time. Furthermore, the
atom-field system returns most closely to a disentangled interaction sometimes during the
collapse region. Additionally, at near the center of the collapse region, at half of the atomic
inversion revival time tR = 2π

√
n̄/λ = 10π

λ
, the entropy reaches its local minimum. During

subsequent collapses the field approaches the disentangled state from the atom at times tn =
(2n + 1)

√
n̄π/λ, n = 0,1,2,3, . . . . Also, it can been seen that the behaviors of SF and P

are not periodical for the atom at rest.
The influences of the atomic motion and the field-mode structure on the SF and P for

different values of p can be seen in Figs. 8b–d. As seen form these figures, we can con-
clude that the atomic motion leads to the periodic evolution of both the entropy SF and the
population P . The periods lay at λt = 5nπ

2 ; n = 0,1,2,3, . . . for p = π/8 (see Fig. 8b).
Physically, all these features can be attributed to the change in the atom-field interaction
time due to the atomic motion. This is due to the fact that the complex amplitudes ak and
bk+1 in the two cases result from the time functional dependence and so does the quantities
ρkl and ρk+1l+1 on which the entropy and the population depend crucially. When the atomic
motion is ignored, the time factor is the scaled time λt , and the complex amplitudes are then
ak(λt) and bk+1(λt) and so ρkl(λt) and ρk+1l+1(λt), while it is λΘ(t) = 1

pλ
sin(pλt) when

the atomic motion is considered, and then the complex amplitudes become ak[λΘ(t)] and
bk+1[λΘ(t)] and so ρkl[λΘ(t)] and ρk+1l+1[λΘ(t)]. The evolution behavior of SF and P can
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Fig. 10 The same as Fig. 9 but for p = 1

be understood simply by considering the relation between the scaled time λt and λΘ(t). It
is observed that λΘ(t) is a periodical function on the scaled time λt with period 2π/p. This
periodicity of λΘ(t) of the scaled time λt just leads to the periodicity of the evolution of SF

and P . When the parameter p begin increasing, rapid oscillations between zeros and max-
ima of both SF and P with considerable reduction of the amplitudes of SF depends crucially
on the value of p, where the higher the value of p, the smaller the amplitudes of both SF

and P , while the maxima of P remain fixed with more rapid oscillation as p increases. It
is worth to mention that the periodic behavior is still reserved. The periods lay at λt = nπ

5 ;
n = 0,1,2,3, . . . , where the periods of the oscillations become more closer (see Fig. 8c
where p = 1). It is not difficult to notice that the locations of maxima and minima of both
SF and P become closer and closer with the increase of p (see Fig. 8d where p = 2). Let us
now come to specific numerical examples to investigate the influence of the atomic motion,
the field-mode structure and the Kerr medium on the evolution of both the field entropy SF

and the population P . The numerical calculations are depicted in Figs. 9–11 according to
the complex amplitudes (20)–(22) versus the Rabi angle λt/π , where we consider the effect
of several values of the Kerr medium parameter χ/λ in the presence of different shapes of
the field-mode structure. One can distinguish clearly between the evolution stages of SF and
P on Kerr medium going to strength. Each of these stages has been pictured separately. It
is important to note that the nonlinear interaction of the Kerr medium with the field mode
is very weak for χ/λ = 0.05. We notice that the weak nonlinear interaction of the Kerr
medium with the field mode leads to increasing values of the entropy maxima and minima
and increasing of the sustainment time of maximum entropy. In this case the field and the
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Fig. 11 The same as Fig. 9 but for p = 2

atom almost retain a strong entanglement in the time evolution process (see Fig. 9a) for
longer periods of time. With the increase of the nonlinear interaction of the Kerr medium
with the cavity mode, the values of both the maximum and minimum field entropy begins
to decrease. In this case the degree of maximum entanglement between the field and the
atom reduces while they remain entangled weakly. We note that the amplitudes of the field
entropy decreases as χ/λ increases (Figs. 10 and 11). It is evident that the field and the atom
are almost in entangled states when the Kerr medium effect increases. This result violate the
fact that in the limit of very strong nonlinear interaction of the Kerr medium with the field
mode, the field and the atom are almost decoupled, which preserves the field entropy tend-
ing to zero. Physically, all these features can be attributed to the change in the atom-field
interaction time due to the atomic motion. It is worth to mention that, in all stages the field
entropy and the population do not lose periodicity at all. Furthermore, the presence of the
atomic motion changes the well known influence of the Kerr medium on the field entropy
SF (t) and the population P (t), where with initially coherent state field the Kerr medium
results in decoupling of the atom-field system [54, 55]. Also, the noticed effect of creating
periodicity by the atomic motion either with or without Kerr medium.

6 Conclusion

The (JC) model has been extended to incorporate the effects of atomic motion, field-mode
structure and Kerr-like medium. The analytical form of the system state vector has been
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obtained. We examined the effects of the atomic motion, the field-mode structure and the
Kerr-like medium on the dynamics of entropy of entanglement of the cavity and atomic
populations. Two classes of initial excitations of the cavity were considered, namely, a Fock
state and a coherent state. The results showed that the presence of both atomic motion, field-
mode structure and the Kerr medium plays an essential role in the evolution of the field
entropy and atomic population dynamics. We can conclude as follows.

First: generally regardless of the initial type of the cavity excitation, the atomic motion
leads to a periodic evolution of the field entropy and atomic populations. Periodicity neither
depends at all on the statistics distribution nor the intensity of excitation, but on the atomic
velocity v, the length of the cavity L and the field-mode structure parameter p.

Second: (i) in case of an excited cavity in a Fock state, high degree of entanglement with
maximum fixed strength without decays or nodes at zero can be achieved with strong Kerr
medium regardless of the value of the field-mode structure parameter when p > 0.

(ii) When the cavity is excited in a coherent state—in case of strong Kerr medium—the
presence of atomic motion and field-mode structure parameter does not change the general
well-known negative effect of the Kerr medium on the degree of entanglement except for
the periodical behavior. The weak Kerr medium leads to the increase of values of minimum
entropy and the sustainment time of the maximum entropy. Although the Kerr medium af-
fects the strength of the entanglement negatively, the entropy of entanglement loses its zeros
as the Kerr is taken into account.
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